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Foreword

This book consists of three papers.

First, in recent years, the four-color problem is considered to have been
solved using a computer, but there are pros and cons to this. Here, aiming at
a theoretical solution, based on the relationship between Newton's law of
gravitational force and the weight of paint, three different monochromatic
simple substances are pulled by an aggregate having one mixed color in the
smallest space. Under the spatial order there, the four-color problem is
solved.

Second, by introducing the concept of distance into the rank-size model, we
compare the population densities of each city in a square metropolitan area
and a circular metropolitan area. Here, we consider the difference in popula-
tion density depending on the spatial size of the metropolitan area and the
shape of the city. Furthermore, in the rank size model, the meaning of the de-
velopment space in the square metropolitan area and the time required for it
will be clarified.

Finally, in the process of establishing a circular metropolitan area, we con-
sider the space and time of the metropolitan area through the movement of
cities and markets by using Newton's law of attraction and Kepler's third

law.

1/2/2022

Hiroyoshi Kozu
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Solution of the Four-Color Problem

Hiroyoshi Kozu
Aichi University, Faculty of Business Administration, Japan (e-mail: kozu@aichi-u.ac.jp)
4-60-6, Hiraike-cho, Nakamura-ku, Nagoya-city, Aichi 453-8777 JAPAN

Abstract

We attempted to solve the four-color problem by using physical law. First,
by applying Newton's law of universal gravitation to a paint set and a single
substance as a paint weighting one unit, the normal space distance can be re-
garded as a shade color distance. Second, this study showed that the mini-
mum number of single colors in the space is four. Third, owing to the
stronger gravitational force in an aggregate as a paint set, the four colors
often come into contact with each other. Finally, converting this space into a
two-dimensional space helped to solve the four-color problem. Most of this

study's contents are based on Kozu [4].

1. Introduction

By observing researchers who had challenged the four-color problem, under
which every map in space can be painted in four colors, Guthrie realized that
it was possible to paint a map of England in four colors in 1852. Thus, it
should be relatively easy to solve a four-color problem, but De Morgan found
this problem difficult to solve, and it seemed that it was solved by Kempe in
1879. However, 11 years later, Heawood discovered an error in Kempe's proof.

In the early 20th century, Poancare's disciples, Perkov and Lebesgue, tried to
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solve the four-color problem by using the viewpoint of geometry and graph
theory. Most of the abovementioned contents were written by Goldsmith [2],
Ichimatsu [3], Ore [5], Saaty and Kainen [6], and Willson [7]. Finally, Appel
and Harken [1] verified the four-color problem by performing 10 billion cal-
culations on a computer for approximately 1200 hours in 1976. Consequently,
this problem became a four-color theorem. There are certain pros and cons to
creating a proof by using a computer.

First, we can assume that a single color has a weight of one unit as a single
body (such as paint). Then, by applying Newton's law of attraction to an ag-
gregate that consists of several single bodies and a given single body, a simple
substance having a single color that is affected by both can be created at the
boundary as an equilibrium by the attractive force between the aggregate and
the given simple substance. Furthermore, by repeating this, we show that
there could be four single colors in the space with the minimum number of
single colors. Eventually, the four simple colors can be connected through the
attractive force in the direction of the aggregate; based on this spatial order,
by expanding from the one-dimensional space to the two-dimensional space,
we finally find that all areas on the map can be painted with four colors. It is

the same as a 3D space.
2. The solution

First, the following assumptions must be set for solving the four-color
problem.

(1) A simple substance has a single color, and its weight is one unit. Further-
more, some aggregates have simple substances, and some given simple
substances have a given single color.

(2) Newton's gravitational force acts on the aggregate and a given simple
substance, and a simple substance that is affected by both is born at the

boundary where each gravitational force is in equilibrium. Another



simple substance is formed at the boundary between the simple substance
and the aggregate.
(3) By repeating (2), simple substances can be created between the aggregate

and a given simple substance.

Second, according to Newton's law of attractive forces, the boundary condi-

tion is represented as follows:

PuP. . PuP.
di 0 da

@

where Py is an aggregate with several monochromatic numbers, P, is a given
simple substance, P. is a virtual unit at the boundary, dw. is the distance be-

tween Pw and P., and d.. is the distance between P, and P..
Furthermore, based on Fig. 1, the total distance is represented as follows:
d0 dued A @

Where d is the distance between Pv and Pn.

d
I Pc |
Py . & —OP,_
L ]
d Mc d mc
Fig. 1

Solving the simultaneous equations from (1) and (2), the distance between

Pw and P. is found to be as follows:

gD —9 ®

10y 5

The distance between P, and P. is as follows:
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Next, if the weight of a complete mixture of the monochromatic colors con-
tained therein is the same as that of the aggregate of a number of monochro-
matic colors, an attractive force will be generated between the mixture and
the first single color. For example, if this simple substance is white, a simple
light monochromatic substance is initially formed when it is mixed with
white at the boundary, and as the color of the simple substance is close to the
color of the mixture, a dark monochromatic simple substance is created.
Therefore, the distance between the mixture and the simple white substance
indicates the shade distance. From (4), as PO P,, each distance between the

monochromatic colors created at the boundary up to the n is represented by

o—9
™
10 V P,
dO ¢

c.dc. T

."LM
1o P

C

c:0 ¢, &,
' Pu
10 Ps

Gl Con 0 — ®)

where c¢.0 c.o: indicates the distance between a simple substance P.o: with a
single color in ¢,:: and a simple substance P, with the next single color in c..
From (5) and P.0OP.0P;...0P,O1 from assumption (1), the sum of the



distances between each unit can be represented by

nd c.lJc.d ... Cnos
“U1gve, 10VPy - ®

Here, in order to include the first given one in this space, assuming that there
is a single color excluding this and considering the space having the smallest

single-color number, if ¢.00 d, then dividing (6) by d, (6) is represented as

n ¢ e ...0 Cans

10 90ve, U aanveey @

Where Pw is the square of a natural number.
If it is ignored in the second term on the right-hand side of (7) and if the
right first term of (7) is a natural number of 1, then the non-natural number

condition must be

¢ ¢ ...0 Cps

00 ~aaovey)

0 1. ®)

Furthermore, if (8) is replaced, it is represented as

¢ ¢ ...0 Cps nd1

00 ~4anve,y D iove, ©
To satisfy (9), it needs
nb1
10 VPu 0L (10)

If (10) is satisfied, the second term on the right-hand side of (7) is ignored be-

cause it is not a natural number. Consequently, (7) can be rewritten as

10 TDP‘M' (1)
Furthermore, from (11), the number of simple colors in space is given by the
following:

nO 10VPu . 12)
Here, considering that the map is painted with the minimum number of single

colors, the minimum number of single colors in the mixture or the aggregate
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shade distance
(space distance)

Fig. 2
Note: The numbers in this figure indicate different single colors.

as a number is a natural number (except for 1). Substituting Pu[ 4 into (12),
we obtain

nQd 3. (13)
Substituting (13) into (10), (10) is satisfied. Therefore, (11) is given. Conse-
quently, (13) shows three single colors in this space (except for Pv). (See Fig.
2).
In short, this suggests that the space is divided into four monochromatic
numbers. However, even if the four-color problem is solved in a one-
dimensional space, it cannot be applied to a map in a two-dimensional space
unless there is a reason for why the different colors come into contact with
each other.
Therefore, each of the three simple substances is pulled by the attractive force
in the direction of the aggregate Pu. Eventually, a single substance having
three monochromatic colors in this space is connected. (See Fig. 3) In this
one-dimensional space, the aggregate Py has a stronger attraction to P, P,,
and P.. Looking at this step-by-step, it means that P; in contact with Py has
a stronger attraction to P, and P;, and P, in contact with P; has a stronger at-
traction to P.. If we think that such a spatial order is the same in the two-
dimensional space, Pu will have contact with Ps;, P., and P, at the same time,
and P; will have contact with P, and P, at the same time. Therefore, this space

can be painted in four colors by establishing contact with the many spaces



divided by four colors. Here, if the entire space is regarded as a map, and the
divided space is regarded as the area drawn on the map, the map can be
painted in four colors. A map separated by a rectangle is shown in Fig. 4, and
the same colors are not touching each other. However, Fig. 5 shows a basic
map in a case where several areas are connected, and there is an area that cov-
ers them. For example, Fig. 5 shows that three areas are connected and that,
even if there is an area that covers them, they can be painted in four colors.
Fig. 6 shows a map painted in four colors (based on Fig. 5). Furthermore, by
replacing the circle in Fig. 3 with a sphere, this also holds in a three-
dimensional space.

In short, using the paint set with four colors and a paint set of one color, four
colors are aligned in the space. By using the four colors, all maps can be

painted separately.

mixture
(aggregate)
4colors

P, P, P

Fig. 3
12 |3]| 4 3 2 1
2 1] 2 3 2 1 2
112 ]3] 4 3 2 1
2 1] 2 3 2 1 2
112 |3 4 3 2 1
Fig. 4

Note: The figure above shows the colors of 35 rectangular areas using four colors. It
can be expanded into any number of regions and colors by alternating columns
and rows. Even if the shape of the area changes, if you apply the colors in this
map, the map will be painted separately in four colors. Where 4 indicates the
color of Py (similar to Fig. 5 and Fig. 6).
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Fig. 5

255

Fig. 6

3. Conclusion

First, by applying Newton's law of attraction to an aggregate consisting of
a single color with a weight of one unit and a given unit, the aggregate as a
number can be replaced with a mixed color as a color mixture. Consequently,
the spatial distance between the mixed color and the single color is repre-
sented as the distance between the dark and light colors. Furthermore, at the
boundary generated by the attractive relationship between the mixed color
body and the simple substance, a single color influenced by the color of each
substance can be created. While repeating this, the single color approaches the

dark color of the mixed-color body. Through this process, we can observe that



there are three colors in the space that minimizes the number of simple colors.
After all, the three single colors are pulled in the direction of the aggregate
(or the mixture), and finally, only the four colors in the same space have con-
tact with each other. Based on the spatial order, we find that, by expanding
the one-dimensional space and the three-dimensional space to the two-

dimensional space, any map can be painted in four different colors.
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City Shape and Rank Size Rule

Abstract

In this study, based on the law of spatial rank and size, the urban popula-
tion density in an urban area that comprehensively develops from a square
city with a central business district was compared with the urban population
density in an urban area where the squares are linearly connected. Next, the
urban population density of a metropolitan area with a concentric structure
was compared with the population density of a circular city in a metropolitan
area where circular cities are linearly connected. It was found that, in a met-
ropolitan area composed of square cities, a rank-size model with a coefficient
of squares simultaneously shows the space of the city and the time required
for it.
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Urban Location System in Metropolitan Areas

—Based on Newton's Law of Attraction and Kepler's Third Law—

Abstract

The Reillyd Converse model, which is applied to trade areas in the fields of
geography and marketing, was used to construct a model to determine the
number of cities in a metropolitan area by the relative population size derived
from the boundary conditions between a central city and a suburban city.
Based on Newton's law of attraction and Kepler's third law, a spatiotemporal
model, in which metropolitan areas were formed by gravitational forces be-

tween cities, was constructed.
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